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ABSTRACT

Cbntinuous slowing down theovy calculations have heen
found to yield significant discreparcies in the presence of
strong absorption; An algorithm has been formulated for
evaluating continuous slowing down theory parameters which
stkould be applicable for cases with strong ahsorption. Ex-
cellent agreement with more precise calculations is obtained

when the new parameters are used.
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I. INTRODUCTION

The Continuous Slowing Down Theory (CSDT) provides a use-
ful analytical médel to predict the behavior of slowing down
neutrons. However, two limitations are generally encountered
in applying the CSDT to situations of general interest, such
as the reactor assembly or an assembly consisting of a single
material. These limitations arise from the inelastic slowing
down of neutrons and their removal from the system due to ab-
sorption and/or leakage. In effect, both of these phenomena
may cause a perturbation in the flux too large to be adequately
handled by a conventional one term Taylor series expansion.(l)
While a variety of efforts have been made to generalize the
CSDT, a typical solution is to retain the conventional form of
the Greuling—Goertzel(Z) CSDT eqﬁations and incorporate inelas-
tic scattering and/or absorption by redefining tkhe slowing down
parameters & and vy.

Along these lines & was defined(3) at RPI by employing a
zero absorption reference case and choosing a & that forced the
correct solution. The method presented only an ad-hoc defini-
tion for y, which permitted excellent results for typical fast
reactor spectra(4), but failed to make satisfactory predictions-
for spectra in individual materials where absorption formed a
substantial part of the total cross section. Such spectra have

been measured at RPI in different matefials, and while the

transport theory is used to provide a dependable basis for

comparison between theory and experiment, the CSDT acts as an




andlytical tool through which the theory cxperiment discrep-
ancies can be interpreted.

Improvement was irtroduced later in evaluating ¢ and vy
by including the effect of absofption in the definition of ¢
(through an iteration scheme) and by arriving at a definition
of y through separable kernels.(s) HoweVer, these £ and vy
fall short of yielding satisfactory agreement with transport
calculations in the energy regions where absorption and/or leakage
are comparable to the scattering. This lack of satisfactory
agreement has been attributed by the authors to the reliance on
the iteration scheme on an attenuation formula that is based on
a weak absorption assumption, and therefore does not involve
an exact reference slowing down density in the presence of ab-
sorption. A new method will be presentecd here to obtain the

slowing down parameters ¢ and vy in situations where absorption

and/or leakage are high.
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II. MULTIGROUP APPROACH TO DETERMINE SLOWING DOWN
PARAMETER

This method combines an infinite medium multigroup (MG)
solution and the Grueling Goertzel (GG) relationship. Refer-
ence group fluxes ¢(J) and the slowing down densities q(J) are
obtained from the space independent MG solution and are compar-
ed with GG approximation to define ¢ and v.

The procedure to solve a space independent multigroup prob-
lem is very simple. Writing the steady state balarce equation
for the Jth group one gets

h=J-1 N

2 ' , :
DNV, (Do) + =y F o)~ Zy, I, tE) F S =0 )

where I is the transfer cross section from group g to group h
g~h

and other symbols have their usual meanings. There is no in-
scattering to the first group'and therefore the above equation

reduces to
°N
2, ..
D - 1 1 ) 1) + S(1
()75 (1)-2, (16 (1) 22 & ¢(1) + 5(1)

0 (2)

By approximating DV2¢(1) by —DB2¢(1) and from a knowledge of mul-
tigroup cross sections and transfer matrices, Bq. 2 can be solv-
ed to obtain ¢ (1) as

S(1) ' (3)

N
D(1)B2 + 5 (1) + = %
a k=2 1-h

$(1)=

With ¢ (1) known, Eq. 1 can be used to obtain ¢$(2) and then to
obtain ¢(3) when ¢(1) and ¢(2) are known. Continuing in this man-

ner all the group fluxes can be ascertained.



Once the fluxes have been detcrmined, the slowing down
density at the bottom of group J or at the top of group J+1

1s simply given by
J . N
q,(J) = aq,(J+1) = ¥ D 9(d) (4)
=1 h=J+1 i-h

o

We can now compare the multigroup solutions with the GG

approximation for flux in an infinite medium where

"o (u) =

5(u) + y (u) (5)
2w (E@z Wz, (W) |

The GG equation can be written in a multigroup form at the top

and bottom of each group, such that

S .(J) . q, (J)
6(3) = Ty * : (6)
t ez (+y Iz, (1],
and
Sb(J) C{b(J) (7)

¢(J) = PRGN ¥ ‘[g(J)zs(J)+Y(J)Ea(J3}b

where St(J) and Sb(J) are the sources at the top and bottom of
each group, and qt(J) and qb(J) are the slowing down densities
at the same points.

For a given source distribution, the only unknown in Eqgs.

6 and 7 is the GG coefficient (gzs+yza)since qt(J), qb(J), and

¢(J) have been determined from the multigroup treatment. The
GG coefficient at the top and bottom of the group then contains

¢ and y at the top and bottom of that group.



ITI. USEFULNESS OF THE MULTIGROUP METHOD

The multigroup formalism to géneratea and y has been test-
ed by using these parameters in the Fermi Age equation and com-
paring the Age-Solution with the transport solutions. Typi-
cally these spectra have been compared for uranium, iron, and
sodium. Figs. 1 and 2 shows these comparisons for uranium and
irpn respectively. The high energy disagreement in uranium
spectra arec knowu'to be caused by the limitations in the validity
of age theory at these energies. Notwithstanding this discrepan-
cy, there is a general agreement even in those energy regidns
where the leakage as absorption constitute a significant part of
the total cross section. (i.e., the 10 keV to 50 keV energy re-
gion for uranium and the 24.3 keV minimum in iron).

Knowing a method to determine EZS + yza, interest is turned

to separate out a £ and y from this expression. Obtaining £ 1is
useful because this single parameter reflects a complete over-
view of the inelastic scattering and the secondary distribution
of the scattered neutrons. Likewise, y is a quantity which can
be associatéd with the absorption and the leakage by which a
system is characterized. Thus, these two parameters provide a
physical understanding of the relatidnship between the neutron
spectra and'the basic cross sections.

Limiting ourselves initially to systems having nc absérp-

tion or leakage we notice that & can easily be retrieved from

the GG coefficient since the expression £l * vI, reduces to




EX with £ being the only unknown. Not surprisingly, this ¢

shows agreement with that obtained according to Reference 3
for a similar situation. This comparison is made in Fig. 3.
The good agreement between the two £'s points towards the
equivalence of the two methods under the conditions of no ab-
sorption. |

If, however, an absorption does exist in a system, one 1S
left with two unknowns (& and y) in the GG coefficient and a
second relationship may be reqﬁired between & and vy befofe
these can be evaluated separately. It has been shown(4) that
the approximation y =¢ yields satisfactory results in dealing
with most fast reactor compositions where a mixture of different
materials is present and the macroscopic absorption cross sec-
tion is negligible compared to the macroscopic scattering cross
section. If use is made of this assumption, a & or ¥y can again
be obtained from the GG coefficient. This also establishes the
essential correspondence between the MG and Dunn's ﬁethod such that

(3)

one can still apply Dunn's algorithm in treating the isolated
resonances in a mixture of several materials.

In a system where the absorption cannot be neglected in com-
parison with the scattering, the‘appfoxiﬁation‘y=g does not pro-
vide the best results even though it is implied by conservation
arguments(s). If we postulate at thi§<poinf that £ is a parame-

ter which represents the scattering behavior only, while vy

alone takes care of the absorption, we can evaluate both & and y



from the GG coefficient. The procedure is simple. First a zero
absorption ¢ can be obtained by setting the absorption and leak-

age equal to zero. This £ is then substituted back in EZ, + vI

calculated with zgﬂ and a value is obtained for y. By dding SO
we define a ¥y to‘give us the right results and at the same time
we maintain the form of ¢ obtained for a pure scattering case.
This value of Y gives us insight into the sensitivity of neutron
spectra to the absorption cross section.

It is also of interest to examine the sensitivity of y to
the amount of absorption present in a system. Such a study has
been specifically conducted for uranium, iron, and sodium by
changing the ENDF/B-IV absorption cross sections uniformly by a
factor of 0.5 to 1.5. Tables I to-III present these results.
For the sake of reference the table also includes the £ obtained
from the GG coefficient by using y =¢.

For uranium, y does not change significantly with a change
in absorption for the most part but shows strong variations in
the low keV range where one approaches the limiting case of elas-
tic scattering and the absorption is high. Also noteworthy is
the fact that for any given absorption‘rape, near and below the
inelastic threshold where ¢ decreases rapidly to its elastic
limit, y declines only slowly. Such a‘behavior for y is con-
sistent with that noted by Kamei(é) where the slowing down

parameters are calculated by a Taylor Series expansion. A simi-

lar trend is observed for iron and sodium. In addition, over




the entire energy range very significant variations occur 1in
y. Rather large (numerically) values of y for iron and sodium
result from the extremely small absorption cross-section of
these materials, and thc facl that this cross section appears
in the denominator in the evaluation of .

In principle, the multigroup procedure could be used to
an- arbitrary degree of energy detail for the purpose of genera-
ting gzs+yza and the resulting ¢ and vy parameters for use in
‘space-dependent analyses. In practice, however, inelastic scat-
tering is a process characterized by smooth variation with en-
ergy. It therefore should be appropriate to utilize & and Y
values obtained on a multigroup basis with cross-section data of
a more refined nature. Obtaining £ and y values based on mul-
tigroup inelastic cross-section matrices for subsequent use with
more refined energy detail was found to be acceptable in earlier

work(S).



IV. SUMMARY

An algorithm has been developed for evaluation of con-
tinuous slowing down theory parameters& and Yin the presence
of strong absorption. Spectra predicted with € and Y so ob-

tained are in excellent agreement with precise calculations.
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TABLE I

SLOWING DOWN PARAMETERS FOR URANIUM FROM THE MG METHOD

Top
Energy

1.0000E

8.8240E
7.7880F
6.8720E

5.3520E
4,7230E
4.1680E
3.6780F
3.2460E
2.8650E
2.2310E
1.9690E
1.7370E
1.5330E
1.3530E
1.1340E
1.0530E
8.2080E
7.2430E
6.3920E
5.6410L
4.9780E
4.3830E
3.8770E
3.0180E
2.6640E
2.3510E
2.0750E
1.8310E
1.6160E
1.2580E
1.1100E
9.8030E
8.6510E
7.6350E
6.7370E
5.9460E
4.6300E
L4.0860E
3.6060FE
3.1820E
2.8080L
2.4780E
1.9300E
1.7030E
1.5030L
1.3260E
1.1700E

07

06
06
06
06
06
06
06
06
06
06
06
06
06
06
06
06
06
05
05
05
05
05
05
05
05
05
05
05
05
05
05
ou
ou
ol
ol
ou
ou
ol
ol
oy
oy
ou
ol
ok
ou
ou
ou

g

'Y:

eleReRoReReReReReReReRoReReoR=ReNoloNoNoNoNoloNoNoleNeoloNolNoNoNoNoNoNeNoloNoRoNoNeNoNoN el elo e e

with
g

.07568

.26014
+20623
.19685
.16648
.17738
.19233
.21276
.23878
.28130
.32298
. 34092
. 35147
. 33552
.28982
.24061
.1691k4
.13555
.10279
.08348
.07093
.06208
.05576
.04733
.04383
.04235
.04101
.04053
.04005
.03927
.03632
.03426
.03192
.02967
.02804
.02707
.02542
.02184
.02116
.02022
.01989
.01948
.02077
.01875
.01855
.01689
.01400
.01069

eleNeoReReReoReRoRoRoRoNoloNeNoNeoNoNeNoNoNolNoNoNeoNoloNeoNoNoNoNoNoNoNeoNeoNoNoNoNoNeNeoNoNoNolio e ool

.07623
L2312y
.19108
.18511
.17289
.18116
.10436
.21399
.23912
.27695
.31459
.33327
. 34960
. 34496
.30u84
.24949
.16887
.1327u
.09880
.07923
.06668
.05799
.05187
.0433y
.04036
.03893
.03755
.03701
.03652
.0352y
.03254
.02885
.02751
.02518
.02385
.02106
.01668
.01413
. 01294
.01184
.01110
.01053
.00975
.00950
.00928
.00900
.00069
.008uY

Y

1.0Z
a

.07206
.44898
.30725
. 30439
.08638
2956
.16645
. 19689
.23445
. 3334y
.41827
.43189
.37785
.12260
.37813
.20129
.18376
.30553
.36402
.38685
.39380
.38981
.37871
. 38764
.33518
.32268
31281
30268
.29886
.32073
.28719
.31672
.30564
.28968
.28655
.29425
.35943
.28478
.29319
.28630
.28553
.27993
.32293
.25785
. 24822
. 20585
.13792
.06169

.

‘OOOn’DOOOL’D_’OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO‘OC‘OOOoooO

Y
0.5%
a

0.07273
0.41968
0.29749
0.29034
0.07670
0.12329
0.15262
0.13438
0.23315
0.336006
0.42317

0.43657

0.37908
0.11068
0.41789
0.22840
0.18079
0.30752
0.36765
0.39027
0.39624
0.39108
0.37864
0.38633
0.33197
0.31861
0.30784
0.29696
0.29230
0.3132y
0.27955
0.30846
0.29763
0.28286
0.27992
0.28590
0.35160
0.27111
0.27251
0.26174
0.25443
0.24391
0.28569
0.21371
0.20230
0.16994
0.11880
0.06204

=

OO Do

oNeoNeoRoReReReReoRoRoRoNoNoNoNoNoNoNoNoNoNoNeoNeNoNeoNeNolNoNolNeNoRolNoNolNeNolNolNololNelNeoN ool o]

Az
a

.07142
. 4R388
.31858
.31962
.09426
.13462
.16951
.19890
.23547
.33120
41412
42792
.37676
.13287
.34363
17775
.18636
.30352
.36053
.38347
.39128
.38837
.37850
.38852
.33790
.32628
.31732
.30798
.30501
.32782
.29470
.32u84
.31370
.29673
.29346
.30260
.36687
.29683
.31016
.30479
.30820
. 30474
.34368
.28340
.27212
.22138
.14556
.06119



Group

1
2
3
n
5
6
7
8
q

Top
Energy

1.0000E
84.8240E
7.7880%
6.8720E
5.35208
4 ,7230L
4.1680L
3.6780LE
3.2060k
2.8650E
2.2310E
1.9690E
1.7370E
1.5330E
1.3530E
1.19400
1.0530E
8.2080E
7.2430E
6.3920E
5.6410E
4,9780E
4, 3930E
3.8770E
3.0190E
2.6640E
2.3510E
2.0750E
1.8310E
1.6160E
1.2580E
1.1100F
9.8030L
8.6510E
7.6350E
6.7370E
5.9u469%
4.6300E
4.,0860%L
3.60600
3.1820E
2.8080E
2.4780E
1.9300E
1.7030E
1.5030E
1.3260E
1.1700E

TABLE TI

SLOWING DOWN PARAMETLRS I'OR IRON TROM THE MG METHOD

07
06
06
06
06
06
06
06
06
06
06
06
06
06
06
06
06
06
05
05
05
05
05
05
05
05
05
05
05
05
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05
oy
ou
ou
oy
oy
ou
oy
o4
Ou
O4
oy
ou
ol
o
ou
on

£ with
Y=£

.08582
L1302y
.1.8349
LA5687
.23131
.25326
L2660
.25396
.23300
.26688
.1868Yy
.18306
.19134%
.18784
.15580
.16352
.13330
.0a0u2
.06552
.04913
.045396
.04503
LOue0un
.03396
.03554
.03764
.03670
L03u25
.03565
.03393
.03755%
.03726
.03723
.03701
.03494
.03673
.03559
.03598
.03586
.03603
.03683
.02832
.041.32
.03635
.03576
.03573
.03570
.03584

OO COoOCcoOoCOoOOocOooOoC

S SO O0ODOC O

o CCccCcOoo

£

L =0
a

.06231
.15136
.16431
222Uk
.22329
.22685
.24321
.24016
L22765
.19137
.21099
.19021
.19779
.19191
.16832
. 17450
.12315
.09681
.07208
.05391
.05077
.05002
.05153
.03696
.0389u
04104
.03988
.03709
.03830
.03582
.03966
.03902
.0388u
.03840
.03603
.03786
. 03650
036492
.03657
.03667
03742
. 02868
.0u183
.03680
.03610
.07158
.03594
.03601

| A A A I T A I |
OO OO0 OOCDODOC T O D

Y
1.0k
a

.0h668
.19233
.12078
.18279
.16907
.21549
. 25526
27778
.3u753
45685
.70269
.55988
.50951
.21781
.01279
.lu587
43716
L4040l
. 31648
.31477
41900
43697
.55587
.31529
.26868
.27542
.28272
L35422
L2171y
. 28080
21622
.21013
22777
L1757
14269
L1628
.25026
L24503
.12584
16797
. 26049
.08151
.13522
.10206
.14676
.07158
.Q7870
06253

0
0
0
0
-0
-0
-0
-0
-0
-0
-0
-0
-0
-0
-0
0
0

SO OO0 OO0 OO0

0
0

C.

0
G
0
0
-0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

Y
0.5%
a

06673
.18876
.l1801
17931
17947
.21700
.26208
L 29779
. 37486
.48919
. 72650
.55551
.53939
. 21364
.00959
LI4181
.ueug?
40460
.31609
L 31427
.u2025
.43u33
.55587
. 31338
.26873
.27463
.27854
35252
.21536
L2798
.21355
220912
L22221
. 114638
.14085
.15947
L 24460
.23365
.12272
Jlushl
.25697
.08228
.13u58
.10032
.14347
.07190
.083u9
.06289

1.5Z

a
. 06660
.19507
.12366
.18808
.16029
.20917
L 24709
CPRA AL
.33271
4y008
68727
.55500
.49369
.21500
.01747
L1487
.42823
LH40u02
.31685
.31537
.41922
.43859
557486
.31670
.26975
.2770L
. 28566
. 35685
L 21906
.28287
.21890
.21233
.23187
.14926
L1uug7
.1B6581
.25460
.25251]
.12822
. 15065
.26655
.08168
.13576
.10391
.15054
07175
07748
06241
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2
3
4
5
6
7
8
9
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SLOWING DOWN PARAMETERS FOR SODIUM

Top
Energy

1.0000E
.5000E
.6200E
.2100E
.1600E
.3700E
.7800E
.3300E
.0000E
.5100E
.6300E
.2200E
.1700E
3700E
.7800E
.3300E
.0000E
.5200E
.6400E
.2300E
.1700E
.3800E
.7800E
.3300E
.0000E
.5300E
.6500E
.2400E
.1800E
.3800E
.7800E
3400E
.0000E
.5500E
.6600E
.2400L
.1800E

.

.

.7900E
.3900E
.0000E
.5600E
.6700E
.2500E
1900E
.33900L
.7900E
1.3400E

-

07
06
06
06
06
06
06
06
06
05
05
05
05
05
05
05
05
ou
ou
ou
ou
o4
oy
ou
oy
03
03
03
03
03
03
03
03
02
02
02
02

.3800E02

02
02
02
01
01
01
01
01
01
ol

[l eNoNeoNoNeNoNoNoNoNeoNoBoNe NoloNoRoRoRoNeoNoReoNeoNeoNeo NoNoNoNoNoNoNoNoNoNoReNoNoNoNoNoNoNoNeoNoNo N o

.23166
.30806
.32u467
. 31200
.29121

25124

.19406
.17096
.14936
.14306
.13125
.11889
.13891
.13382
.10870
.09287
.09249
.o8u447
.08576
.08649
.08585
.08554
.08530
.08615
.08717
.08638
.085889
.08628
.08664
.08672
.08592
.08559
.08552
.08506
.08431
.08525
.085089
.88511
.08479
.08549

.

08692

.08660
.08216
.08409
.08316
.08307
.08348
.08553

TABLE III

e eeeole oo NoRhoNoNe Neo e NeoNeNeoNoeNeo NoNoNoNeoNeNoNoNoNeoNeoNeoNeNoNeoNe NoNoNoNoNeoNoNoNeNoNoNollolNeo el

.27837
.48667
.32450
.26398
L24422
.20932
.16277
.15222
.13206
.14029
.13168
12122
c1u4231
.13731
.11389
.09730
.09662
.08731
.08852
.08008
.08765
.08657
.08628
.08625
.08705
.08610
.08593
.08640
.08652
.08664

.

08634

.08601
.08590
.08006
.08492
.08557
.08540
.08543
.08505
.08535
.08651
.08642
.08215
.08427
.08354
.08352
.08387
.08592

1.

0.
1.
0.
-2,
-19.
-14.
-9,
-y,
-2.
-1.
-1.
-0.
-0.
-0.
-0.
.07542
.13035
.09260
.10662
.22661
.11331
.22760
.11650
.07003
.08062
.07136
.06976
.06882
.072u3
.16608
.09321
.15708
.15502
.27818
.18190
.1,0002
L11574
.11851
.10226
.07314
.06155
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Fig.
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FIGURE CAPTIONS

Comparison of MG-CSDT-Age and Transport Calcula-
tions for Uranium.

Comparison of MG-CSDT-Age and Transport Calcula-
tions for Iron.

Convergence between the MG method and Farlier
Methods (Ref. 3) in the Limiting Case of no
Absurptlion. '
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